CHAPTER 1

Lebesgue Measure

We know that the length of an interval is defined to be the difference between two end
points. In this chapter, we would like to extend the idea of “length” to arbitrary (or at
least, as many as possible) subsets of R. To begin with, let’s recall two important results
in topology.

1. Review

PROPOSITION 1.1. Every open subset V' of R is a countable union of disjoint open
intervals.

PRrROOF. For each x € V| there is an open interval I, with rational endpoints such
that x € I, C V. Then the collection {I,},cy is evidently countable and

V:UQ.

zeV

Next, we prove it is always possible to have a disjoint collection. Since {I,}.cv is a
countable collection, we can enumerate the open intervals as I} = (a1, b1), Is = (a2, b2),. ...
For each n € N, define

a, =inf{z e R: x <a, and (z,b,) CV}
and
B, =sup{z € R: z > b, and (a,,x) CV }.

Then { (o, B,,) }nen is a disjoint collection of open intervals with union V. O

THEOREM 1.2 (Lindel6f’s Theorem). Let C' be a collection of open subsets of R. Then
there is a countable sub-collection {O;}ien of C' such that

UO:G@.
=1

oeC

PROOF. Let U = |Jye O. For any z € U there is O € C with € O. Take an
open interval I, with rational endpoints such that x € I, C O. Then U = Uer I, isa
countable union of open intervals. Replace I, by the set O € C' which contains it, the
result follows. O
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2. Lebesgue outer measure

As in the Archimedean idea of finding area of a circle (approximated polygons), we
define the Lebesgue outer measure m*: P(R) — [0, 00| by

m*(A) = inf { Zﬁ([k): AC U I, and each Ij being open interval in R} :
k=1 k=1

REMARK. By Lindel6f’s Theorem, the countability of the covering is not important
here.

Here are some basic properties of Lebesgue outer measure, all of them can be proved
easily by the definition of m*.

(i) m*(A) =0 if A is at most countable.
(il) m* is monotonic, i.e. m*(A) < m*(B) whenever A C B.

(iii) m*(A) = inf {m*(O): A C O and O is open }. (Hint: it sufficies to prove m*(A) >
R.H.S., which is equivalent to m*(A) + e > R.H.S. for any ¢ > 0.)

(iv) m*(A+ z) = m*(A) for all z € R. (Translation-invariant)

) m
(v) m*(Upen Ak) < D opey m*(Ak). (Countable subadditivity)
(vi) If m*(A) =0, then m*(AU B) = m*(B) and m*(B\ A) = m*(B) for all B C R.
)

(vii) If m*(AAB) = 0, then m*(A) = m*(B).

REMARK. In (v), even if A;’s are disjoint, the equality may not hold.

THEOREM 1.3. For any interval I C R, m*(I) = {(I).

PRrROOF. We first assume I = [a,b] is a closed and bounded interval. Consider the
countable open interval cover {(a —e,b+¢)} of I, we have m*(I) < b — a + 2e. Since
e > 0 is arbitrary, m*(I) < b — a.

To get the opposite result, we need show for any € > 0, m*(I) +¢& > b — a. Note that
there is a countable open interval cover {I;},.\ of I satisfying

I)+e>> UI).

By Heine-Borel Theorem, there is a finite subcover {1, } of {Ix}. Then
> Ul >b—a  (why?)

Dt+e>> UI)=> Ul,)>b—a

and it follows that
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Letting € — 0, m*(I) > b — a. Hence, m*(I) = b — a.

Next, we consider the case where I = (a,b), [a,b), or (a,b] which is bounded but not

closed. Clearly, m*(I) < m*(I) = b — a. On the other hand, if € > 0 is sufficiently small
then there is a closed and bounded interval I" = [a + €,b — ¢] C I. By monotonicity,
m*(I) > m*(I') = b—a — 2e. Letting ¢ — 0 gives m*(I) > b — a. Hence, m*(I) = b — a.

Finally, if I is unbounded then the result is trivial since in that case I contains interval
of arbitrarily large length. 0

3. Non-measurability

THEOREM 1.4. Let M C P(R) be a translation-invariant o-algebra containing all
intervals, and m: 9 — [0, 00| be a translation-invariant, countably additive measure such
that

m(I) = (1) for all interval 1.
Then there exists a set S ¢ M.

PROOF. Define an equivalent relation  ~ y if and only if  — y is rational. Then R
is partitioned into disjoint cosets [x] = {y € R: 2 ~ y }.

By Axiom of Choice and Archimedean property of R, there exists S C [0, 1] such that
the intersection of S with each coset contains exactly one point.

Enumerate Q N [—1,1] into 71,79, .... Then the sets S + r; are disjoint and
0,1 € [ J(S+r) C[-1,2].
ieN
If S € 7M1, then by monotonicity and countable additivity of m we have
1<) m(S+r) <3,
ieN

which is impossible since m(S + r;) = m(S) for all : € N. O

4. Measurable sets and Lebesgue measure

As it is mentioned before, the outer measure does not have countable additivity. One
may try to restrict the outer measure m* to a o-algebra 9 C P(R) such that the new
measure has all the properties we wanted.

DEFINITION (Measurability). A set £ C R is said to be measurable if, for all A C R,
one has

(1) m*(A) =m*(ANE) +m* (AN E°).
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Since m* is known to be subadditive, (1) is equivalent to

m*(A) > m*(ANE)+m* (AN E°).

The family of all measurable sets is denoted by 9t. We will see later 9 is a o-algebra
and translation-invariant containing all intervals. The set function m: 9t — [0, co] defined
by

m(E) =m*(E) for all E € M

is called Lebesgue measure.

Observe that

e FeM& ECeM.
e ¢ € M and R € M because m*(A) = m*(AN¢) + m*(ANR) for all A CR.

e m*(E) =0= FE € M because m* (AN E) +m*(AN E°) =m* (AN E°) <m*(A)
for all A C R.

PROPOSITION 1.5. If Ey, Ey € I then By U Ey € M. (Therefore, MM is an algebra.)

PrRoOOF. For all A C R one has
m*(A) =m*(AN Ey) + m* (AN EY) (B eMm)
=m*(ANE;) +m* (AN E{N Ey) + m*(AN Ef N EY) (- By €M)
>m*(AN(EyUE)) +m*(AN(Ey U E)°)
because m* is subadditive and
AN(E1UEy)) = (ANE)U(ANE;NE,).
O

REMARK. Proposition 1.5 can be easily extended to a finite union of measurable sets,
in fact it can be extended to a countable union. In order to do so, we need the following
result.

LEMMA 1.6. Let Eq, Es, ..., E, be disjoint measurable sets. Then for all A C R, we

have
m* <Aﬂ ) :Zm*(AﬂEi).
i=1

PROOF. Since F,, € 9, we have
N En> +m* <A N

m*</m )Zm*</m
)

=m*(ANE,)+m* (Aﬂ
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Repeat the process again and again, until we get

m* (Aﬂ ) :im*(AﬂEi).

REMARK. In fact, if {F;};en is a sequence of disjoint measurable sets, then

i=1 J i=1

This is because for all n € N one has
> m* <A N

i=1
i=1

Letting n — oo lead to

i=1

The opposite inequality follows from countable subadditivity.

n

UZE

=1

n

Ur

=1

)

=1

THEOREM 1.7. Let {E;}nen be a sequence of measurable sets, then E = ;- E; is

[e.9]

also measurable. Moreover, if Ey, Es, ... are disjoint then m(E) = > .2, m(E;).

This is called the countable additivity which can be proved by putting A = R in the
remark of Lemma 1.6.

PrOOF. We first assume Ej, Es, ...are disjoint. Then for all A C R, n € N we have

m*(A) = m* (ADOE}) +m* <Aﬂ (OE’> )

>> m(ANE;) +m (AN E°).
=1

Letting n — oo,

m*(A) > im*(A NE;) +m*(AN E°)

=m*(ANE)+m* (AN E°).

This proved F is measurable.

Now, if Ey, Es, ...are not disjoint, we let
Fy = Fx, Fy = By \ I, Fy = B3\ (F1U Fy),
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and in general Fj, = Ej \ Uf;ll F; for k > 2. Then F, F,, ...are disjoint and | J;-, F; =
Ui=, Ei. Since 9 is an algebra, Fy, F, ...are all measurable. So E = J:2, E; = U2, Fi
is measurable. O

REMARK. Now, 2 is proved to be a g-algebra. The next result shows that all Borel
sets are measurable. Recall that the family of Borel sets in R is, by definition, the smallest
o-algebra containing all open subsets of R.

THEOREM 1.8. M contains all Borel subsets of R.

PRrROOF. It suffices to show that (a,00) € M for all @ € R (why?). Let A € R. We
need to show that

m*(A) > m*(AN (—oo,a]) + m* (AN (a,0)).

Without loss of generality, we may assume m*(A) < oo. For convenience, let A; =
AN (—o0,a] and Ay = AN (a,00). Then we need to show

m*(A) +e > m*(A;) + m*(Ay)  foralle > 0.

By the definition of m*(A), there is a countable open interval cover {I,},en of A with
m*(A)+e>> U1,
n=1

Let I}, = I, N (—o0,a] and I = I, N (a,00), then {1}, {1/} are, respectively, interval
covers of A; and A, (note that they may not be open interval covers). Then

S oUL) =D I+ Y )

= Z m*(I]) + Z m* (1)) (.- m* = ¢ for intervals)
n=1 n=1

= m’ <U Ié) +m? (U I{{) (. countable subadditivity)
n=1

n=1

> m*(Ay) + m*(As) (*.- monotonicity)

So, m*(A) +¢& > > U(I,) > m*(A;) + m*(Ay) for all ¢ > 0. Letting ¢ — 0, m*(A) >
m*(A;) + m*(Az). This proved that (a,00) € M. O

o

REMARK. Since M is a o-algebra, (—oo, a] € M and (—o0,a) =J,_,(—00,a—1/n] €
M. It follows that (a,b) € M since (a,b) = (—o0,b) N (a,00). As M is a o-algebra
containing all open intervals, it must contain all open sets (recall that every open set is
countable union of open intervals by Proposition 1.1). Therefore, 9t contains all Borel
sets.

PROPOSITION 1.9. 9 is translation invariant: for allx € R, E € 9N implies E+x €
M.
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PRrROOF. For all A € R, we have
m*(A) = m*(A—x)
m*((A—z)NE)+m*((A—z)NE)
m* (A—=z)NE)+z)+m" ((A—2)NE°) +x)
m*(AN(E+x))+m* (AN (E + x)°)
[

THEOREM 1.10 (Littlewood’s 1st Principle). Every measurable set of finite measure
is nearly a finite union of disjoint open intervals, in the sense

o If £ is measurable and m(FE) < oo, then for any € > 0 there is a finite union U
of open intervals such that m*(UAFE) < €. (Clearly, the intervals can be chosen
to be disjoint.)

o [f for any e > 0 there is a finite union U of open intervals such that m*(UAE) <

e, then E is measurable. (The finiteness assumption m*(FE) < oo is not essen-
tial.)

REMARK. Let E € R be given. Then the following statements are equivalent.

1) E is measurable.

2) For any ¢ > 0, there is an open set O DO F such that m*(O \ E) < e.

(1)
(2)
(3) For any € > 0, there is a closed set F' C FE such that m*(E'\ F) < e.
(4) There is a G € G4 such that £ C G and m*(G \ E) = 0.

(5)

5) There is a F' € F, such that E D F and m*(E \ F) = 0.
Assume m*(FE) < oo, the above statements are equivalent to

(6) For any € > 0, there is a finite union U of open intervals such that m*(UAFE) < ¢

PROOF. If we can prove (1), (2), and (4) are equivalent, then it is easy to see that (2)
and (3) are equivalent, because one implies another by replacing F with E°. Similarly,
(4) and (5) are equivalent.

To show (1) = (2)

We first consider a simple case m(E) < oo. For any € > 0, there is a countable open
interval cover {I,,} of E such that Y > ¢(I,) < m(E)+¢e. Take O = |J ., I,,, we see
that O is open and O D E. Also, we have

m(O\ E) =m(0) —m(E) <> m(I,) —m(E) < e.
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Here we use the assumption m(E) < oo and the countable subadditivity of m.

For the case m(E) = oo, we write £ = |J -, E,, where E, = E N [—n,n]. This is
a countable union of measurable sets of finite measure. By the above result there is an
open set O, such that O, 2 E, and m*(O, \ E,) < 2%. Take O = |J.2, Oy, then O is
open and O D E. It remains to show m(O \ E) < e.

Note that O\ E C |J -, O, \ E,, by countable subadditivity of m we have

m(0\ E) gz \En)<225n:g.

Hence, we have proved that (1) = (2).

To show (2) = (4)

For any n € N, let O,, be an open set such that O, O E and m*(O,, \ E) < 1/n. Take
G =N~ O, € Gy, then

m*(G\ E) <m*(O,\ E) < —

Letting n — oo, the result follows.

To show (4) = (1)

The existence of G guarantees £ = G\ (G'\ F) is measurable since both G and G\ E are
measurable (G is Borel set and G \ E is of measure zero).

Hence, (1), (2), (3), (4), (5) are equivalent.

To show (2) = (6) (with finiteness assumption m*(F) < co)

Let € > 0 be given. Let O be an open set such that O O E and m(O\ E) < /2. Write O =
U, I, to be a countable union of disjoint open intervals. By the countable additivity of

m, m(0) = 3% ((I,,). Let k be a positive integer such that 3-*_, ¢(I,,)) > m(0) — ¢/2.
(The finiteness assumption has been used here to guarantee that m(O) < 00.)
Take U = Uizl I,,. Note that m(O\ U) = m(0O) —m(U) < /2, so
m(UAE) =m(U\ E)+m(E\U)
<m(O\ E) +m(O\U)
L€, €
2 2
=e.

The finiteness assumption is essential here. The above result is false if we allow E to have
infinite measure. A counter example is E = J - ,(2n,2n + 1).
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To show (6) = (2) (without finiteness assumption m*(E) < 0o)

Let € > 0 be given and U be a finite union of open intervals described in (6). Then
m*(E\U) < e, we take an open set O’ O E'\ U such that m*(0O’) < e (how to do this?).
Then O = U U O' is an open set containing F with m*(O \ E) < m*(U \ E) + m*(0’) <
2e. U

EXERCISE 1.1. Let A € R, prove that there is a measurable set B O A with m*(A) =
m*(B).

5. Step functions and simple functions

DEFINITION. A function ¥: [a,b] — R is called step function if
U(r) = ¢ (i1 <z < x;)

for some partition {xg, x1,...,2,} of [a,b] and some constants ¢y, ca, ..., Cy.

35+

25

15r

0.5

0 I I I I I I I I I ]
0 0.5 1 15 2 25 3 35 4 4.5 5

An example of step function

LEMMA 1.11. Let 11,19 be step functions on [a,b]. Then ¢y £ s, athy + (g, 1)a,
1 Nba, and 11 V by are all step functions, where a, B € R. Also, if 1o # 0 on [a,b], then
/1y is also step function.

REMARK. (f A g)(z) = min{f(z), g(x)} and (fV g)(z) = max{f(z), g(x)}.

LEMMA 1.12. Let ¢ be a step function on |a,b] and let ¢ > 0. Then there is a
continuous function g on |a,b] such that ¢» = g on [a,b] except on a set of measure less
than ¢, i.e.

m({z € [a,b]: P(x) # g(x) }) <e.
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PrOOF. Easy! One can find a piecewise linear function g with the stated property. [

DEFINITION. Let E € 9. A function f: E — R is called a simple function if there
exists ay,aq,...,a, € R and Fy, Es, ..., E, € 9 such that

k
2) F=3axe,
i=1

REMARK. Step function is simple, Xg is simple but not step function.

PROPOSITION 1.13. Let f: [a,b] — R be a simple function. For any e > 0, there is a
step function ¥: [a,b] — R such that f =1 except on a set of measure less than e.

PROOF. Let f be given by (2), we may assume FEy, Fs, ..., F, C E. By Littlewood’s
1st Principle, there is a finite union of disjoint open intervals U; such that m(U;AE;) <
e/n. Then

f= Z a; Xy, except on A = U (U,AE;),
—1 i=1

where m(A) <Y " e/n=¢. O

REMARK. By Lemma 1.12, one can find a continuous function with the same property.
Moreover, if f satisfies m < f < M on [a, b] then ¢ can be chosen such that m < ¢ < M
(reason: replace ¢ by (m V ¢) A M if necessary).

6. Measurable functions

DEFINITION. A function f: F — [—00, 00] is said to be measurable (or measurable on
E) if E € 9 and
f~ ((a,00]) € M
for all @ € R.

In fact, there is a more general definition for measurability which we will not use here.
The definition goes as follows.

DEFINITION. Let X be a measurable space’ and Y be a topological space. A function
f: X =Y is called measurable if f~1(V) is a measurable set in X for every open set V
inY.

REMARK. Simple functions, step functions, continuous functions, and monotonic func-
tions are measurable.

PROPOSITION 1.14. Let E € M and f: E — [—00,00]. Then the following 4 state-
ments are equivalent:

e f((a,0]) € M for all a € R.

1A measurable space, by definition, is a nonempty set with an associated o-algebra on it.
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o f~(a,00]) € M for all a € R.
o [([—o0,a)) €M for all a € R.
o [([—o0,a]) €M for all a € R.

REMARK. The above statements imply f~!(a) € 9 for all @ € [—00, 00]. The converse
is not true.

PROOF. The first one is clearly equivalent to the fourth one since f~!((a,o0]) =
E\ f7Y(~o0,a]). Similarly, the second and the third statements are equivalent. It
remains to show the first two statements are equivalent, but this follows immediately
from

oo = (5 (1= god) ant o) = U (foe o).

O

PROPOSITION 1.15. Let E € M, f: E — [—oo,00] and g: E — [—oo,00]. If f =g
almost everywhere® on E then the measurability of f and g are the same.

PROOF. Simply note that
m*{z e F: flx) >a}N{ze€E:g(x)>a}) <m*"({xeFE: f(x)#g(x)}) =0.

This implies the measurability of the sets {x € E: f(z) > a} and {x € E: g(z) > a}
are the same. O]

PROPOSITION 1.16. Let f, g be measurable extend real-valued functions on E € IMN.
Then the following functions are all measurable on E:

fHecf, f+g,fg
where ¢ € R.

REMARK. One may worry that cf, f + g, fg may not be defined at some points (for
example, if f = oo and g = —oo then f + ¢ is meaningless). There are two ways to deal
with this problem.

(1) adopt the convention 0 - co = 0.

(2) assume f, g are finite almost everywhere or cf, f 4+ g, fg are meaningful almost
everywhere.

Proor. We only prove f 4 g and fg are measurable, since the others are easy or
similar.

2We say that a property P holds almost everywhere on E if the set {xz € E: P fails to hold at = }
has measure zero.
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To prove f + g is measurable, one should consider the set
E,={z€E: f(z)+g(x) >a}
={zeE: f(r)>a—yg(x)}
= U{xEE: flx) >r>a—g(x)}

reQ

= J{z€E: fl@)>r}n{zeE:r>a—g(x)}
reQ

If f(x) = oo or g(x) = oo then x € E, by convention. Now E, € 9 because E, is
countable union of measurable sets.

Next, we prove f? is measurable. For a > 0,

{z€E: fP(v)>a}={z€E: fla)>Va}lU{z€E: f(xr) < —Va}

is measurable. For a < 0, {z € E: f*(z) > a} = E is also measurable. Therefore, f? is
measurable and it is valid even if f takes values +oo.

So, if f and g are assumed to be finite, then

1
fo=51(f+9 =1 -7
is measurable on F. O

EXERCISE 1.2. Find two measurable functions f, g from R to R such that f o g is not
measurable.

PROPOSITION 1.17. Let {f.}nen be measurable extended real-valued functions on a
measurable set E. Then

flvf2"'\/fn7 Suﬁfm mfn
ne n—oo

are all measurable on E. Similar results hold if V, sup and lim are replaced by A, inf,
and lim.

PRrROOF. Simply note that

(FrV for-V fa) (@, 00)) = | £ (a,00))

(sup.) " ((ar00)) = kf]lfkl((a, %))

neN

lim f, = inf (sup fk)

n—00 NeN \ >N
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THEOREM 1.18 (Littlewood’s 2nd Principle). Let E € 9 with m(E) < oo, f: E —
[—00, 00] be measurable and finite almost everywhere. For any ¢ > 0, there is a simple
function ¢ such that

|f — ¢| < e on E except on a set of measure less than .
REMARK. If £ = [a,b] is closed and bounded interval, we can find a step function
g and a continuous function A play the role of ¢. This is because simple function can

be approximated by step function and step function can be approximated by continuous
function.

If f satisfies an additional condition m < f < M, then ¢, g, and h can be chosen to
be bounded below by m and above by M.

The condition m(FE) < oo in Littlewood’s 2nd Principle is essential. You can see if
this condition is dropped then taking f(z) = x will give a counter example.

To prove Littlewood’s 2nd Principle, we introduce a lemma.

LEMMA 1.19. Let {F,}nen be a sequence of measurable subsets of R (or any measure
space®) such that
Fi2oF 2.
Denote Foo = (,,en Fn- If m(Fy) < oo then
m(Fx) = lm m(F,).

n—od

PROOF. Write F} = Fo U (F; \ Fy) U (Fy \ F3) U--- as disjoint union and use the
countable additivity of m. O

REMARK. Lemma 1.19 is false if the condition m(F}) < oo is missing. To see this, we
take F,, = (n,00).

Now, we are ready to prove Littlewood’s 2nd Principle.
PRrROOF. Let € > 0 be given. Our proof is divided into two steps.

Step 1 Assume m < f < M for some m, M € R.

We divide [m, M] into n subintervals such that the length of each subinterval is less than
e. Symbolically, we take the partition points as follows:

m=y << -<ypo=M with y; —y;_1 <efor 1 <i < n.
Let By ={x e Eom< f(x) <y b, BEs={x € E:y1 < f(z) <y}, ..., B, ={x €
E:y, 1 < f(x) < M}. Now, take ¢ = y1 X, +yoXp, +- - - +ynXg,. Since By, Es, ..., E,
are all measurable (why?), ¢ is simple and satisfies the inequality |f — ¢| < & with no
exceptions.

3A measure space is a nonempty set associated with a o-algebra 9 to it and a measure woon M.
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Step 11 General case.

We let

F,={xze€E: |f(zx)|>n}.
Then Fy O Fy O ---. Note that m(F)) < m(E) < oo and m(F) = 0 by assumption,
apply Lemma 1.19 there exists N € N such that

m(Fy) < e.

Now, let f* = (=N V f) AN, then f = f* on E except on a set of measure less than ¢.
From the result of Step I, there is a simple function ¢ such that |f* — ¢| < € on E. Hence

|f — é| < e on E except on a set of measure less than e.
O
COROLLARY 1.19.1. There is a sequence of simple functions ¢, such that ¢, — f

pointwisely almost everywhere on E. If E = [a, b], there are also sequence of step functions
and sequence of continuous functions converging to f pointwisely almost everywhere on

[a, b].

PROOF. Applying Littlewood’s 2nd Principle to e = 1/2", there are simple functions
¢,, and sets A,, with m(A,,) < 1/2" such that

1
‘f_¢n’<2_n OnE\An'

Let A =1lim A, := 52, (U2, A,), then m(A) = 0 (why?). The proof is completed by
noting that ¢,, — f pointwisely on E'\ A. O

REMARK. In fact, the sequence ¢, can be chosen so that ¢, — f pointwisely every-
where on E. For example, we can first divide the interval [-n,n] into 2n? subintervals such
that each subinterval has length 1/n, i.e. choose

N =Yo <Y << Y2 =N
such that y; — y;—1 = 1/n for all i. Then let
y; ity < f(x) < yipq for some i
Gu(2) =qn i f(z) =n
—n if f(z) < —n
THEOREM 1.20 (Littlewood’s 3rd Principle / Egoroff’s Theorem). Let E € 9 with
m(E) < oo, f: E — (—o00,00) be measurable and {f,}nen be a sequence of measurable

functions on E such that
fn—f a.e. on F.

Then for any n > 0 there is a (measurable) subset S of E with m(S) < n such that
fo—f uniformly on E'\ S.

REMARK. Again, the condition m(E) < oo cannot be dropped. Otherwise f,, = A o)
and f = 0 would be a counter example.



6. MEASURABLE FUNCTIONS 15

PROOF. We claim that for any € > 0 and 6 > 0, there exists A C E with m(A) < 6
and N € N such that

|fu(z) — f(z)] <e  whenever n > N and z € E'\ A.

Be careful the above statement is not saying that f, — f uniformly on E \ A since A
depends on € and §.

To prove our claim, we let
G,={z€eFE: |fu(z)— f(x)]>ec} (the trouble makers!)

and
=1lmG, ﬂ E,, where E,, = U Gp.
neN k>n
Note that if x € G then x € E, for all n € N| it follows that f,,(x) - f(z). Since the set
of all = such that f,(z) - f(x) is of measure zero, we have m(G) = 0. Note also that
m(E;) < oo and E, “decreases” to G, so limm(FE,) = m(G) = 0 by Lemma 1.19. There
is N € N such that m(Ey) < . This N, together with A := Ey, proved our claim.

Now, let > 0 be given. Apply the above result to € = 1/k and § = n/2*, we obtain
Ay, with m(Ag) < n/2% and Nj, € N such that

1
|fu(z) — f2)] < T whenever n > Ny and z € E \ Ag.
Let S = Upen Ak, then m(S) < 3707 m(Ag) < n and |f,(x) — f(z)| < 1/k whenever
n > Ny and x € E'\ S. Hence, f,, — f uniformly on E \ S. O



