COMPLEX NUMBERS

When we are solving quadratic equations with real roots, the roots of the equations exhibit
three cases: two distinct real roots, a double root or no real roots. To accommodate the case of no
real roots, i.e., to provide solutions to those quadratic equations, the concept of complex numbers
was invented. One may expect that as complex numbers are never encountered in our daily routines,
the studies of complex numbers are impractical. However, complex numbers are actually extremely
useful tools in many applications like factorization and proofs of trigonometric identities. In this set
of notes, we will illustrate the basic concepts and some of the applications of complex numbers with
examples.

1. Basic Terms and Concepts

As noted, the interests in complex numbers originated from studies of the roots of quadratic
equations. As an illustration, consider the equation x*+1=0. This equation does not admit real
roots because for all real number X, x?+1>0+1=1>0 . Yet, if we set i=+~1, then
i+1=-1+1=0 is aroot of the equation.

Definition 1.1. (Imaginary unit)

The imaginary unit is defined by i1 = J-1.

Based on the imaginary unit, we develop a set of numbers called the complex numbers. The
general form of a complex number z is z = a + bi, where a and b are real numbers.

Definition 1.2 (Real and imaginary parts of a complex number)

For a complex number z = a + bi, where a,b e R, a is called the real part of z and b is called the
imaginary part of z. These are denoted as Re(z) = a and Im(z) = b respectively.

Ilustration. If z = 3 + 5i, then the real part of z is 3 and the imaginary part is 5. We write Re(z) = 3
and Im(z) = 5.

Ilustration. All real numbers x can be represented in the form of a complex number by setting a =
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x and b = 0. Hence, R c C, where R represents the set of real numbers and C the set of complex
numbers.

In particular, if Im(z) = 0, then z is a real number. On the contrary, if Re(z) =0 and Im(z)=0,
z is called a purely imaginary number.

In general, we cannot compare complex numbers with each other as in real numbers. For
example, we say 6 > 4, but we cannot say which of 6i and 4i is larger or smaller. However, we can
say that they are unequal. In fact, two complex numbers are said to be equal iff both their real parts
and imaginary parts are equal.

2. Arithmetic Operations

Basic arithmetic operations on complex numbers include addition, subtraction, multiplication
and division. For two complex numbers z, =a, +bji and z, =a, +b,i, we have

z,+2,=(a +hi)+(a,+bi)=(a,+a,)+ (b +b,)i,
z,-2,=(a,+hji)—(a,+h,i)=(a,—a,)+(b —b,)i,

2,2, =(a, +hbji)(a, +b,i) =aa, +ab,i+ba,i+hib,i
=a,a, +ab)i+abji+ blbzi2 =(a,a, —bb,)+(a,b, +a,b)i,

and if z, #0,
Z _a+hbi (a,+bi)(a, —b,i) :(aia2+b1b2)+(azb1_a1bz)i
z, a,+h,i (a,+h,i)(a,—b)i) a,’ —(b,i)’
_ (a1a2 +b1b2)+(a2b1_a'1b2)i _ a8, +b1b2 + aZbl_ain i
a,’> +h,’ a’+b’  aj’+b?
Example 2.1.

Suppose z, =3 +2¥i fork=0,1,2, ... . Evaluate ) " 7z,.

Solution.

Evaluating the real and imaginary parts separately and applying the formula for geometric series,
we have

Page 2 of 25



Mathematical Database

2 =S (3 2k) =S gk Skt 1 3
Yz = 5
k=0

Example 2.2.

Suppose z, =a, +hi fork=1,2, where a,,b, eR.Let z, =3z, and z, =(1+ 2i)4. Find a, and b, .

Solution.
We shall evaluate z, first:
7 =(1+20) =[ (1+ 2i)2T = (1+4i +4i2) = (1-4+4i)° =(-3+4i)
=9-24i+16i* =9-24i -16 = -7 - 24i
Then, -7 —24i =z, =3z, =3(a, +b,i) = 3a, +3b,i . Equating the real and imaginary parts, we have

7
az=—§ and b, =-8.

Example 2.3.

Express the complex number w in the general form.
1-itanéd

Solution.

1+itang (1+itand)(l+itand) 1+2itand+(itand)’ 1—tan’H+2itano

1-itand (1-itan@)(1+itand) 1 —(itan6)’ 1+tan” @
_1-tan’6+2itand _1—tan20+ 2itan @
sec’ ¢ sec’d  sec’d

=C0s 26 +isin 20

- (cos2 0 —sin’ 49)+ 2isin 9 cosd

Exercise

1. Express ; in the general form.
cos@—isiné

2. Suppose z = a + 2i is a root of the equation x* +6x+k =0, where both a and k are real. Find a
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and k.

3. The Argand Diagram, Modulus and Argument

Maybe it is too abstract to just talk about complex numbers. A better understanding of this
number system can be obtained by drawing diagrams. In this section, we will discuss the Argand
diagrams of complex numbers. The Argand diagrams are also of core importance in the application
of complex numbers on some geometry problems.

An Argand diagram consists of two axes: a horizontal one, like the x-axis in the rectangular
coordinate system, called the real axis, and a vertical one, like the y-axis, called the imaginary axis.
The point (x, y) in an Argand diagram represents the complex number x + yi.

In figure 1, the complex numbers represented by the points A, B,Cand D are 1 +1i,2-3i, 3 -
2i and -3 + i respectively. By convention the number zero is represented by the origin O. Another
way to interpret Argand diagrams is by way of vectors. For example, the complex numbers
mentioned above are said to be associated with the vectors OA, OB, OC and OD respectively.
Readers might have noticed that 1 + i + 2 — 3i = 3 — 2i, which in the notation of vectors is
represented by OA+OB =0A+ AC =0C.

A

Figure 1: Argand Diagram
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From the perspectives of the Argand diagram and vectors, we can define some more properties
of complex numbers. The length of the vector in the Argand diagram, r, is called the modulus of the
associated complex number, while the angle the vector made with positive real axis, &, is said to be
an argument of the complex number. Hence we have, if z =0,

[x+yi|=r=yx*+y?,

Xx=rcosd and y=rsind.

An immediate result of the above is that tan @ = Y .

X

Since cos@ =cos(6+2kz) and sin@=sin(d+2kz) for any integer k, there are infinitely
many possible values for the argument of a complex number. And this leads to the following
definition.

Definition 3.1.

The principal value of the argument of a complex number z = x + yi is the angle 8 such that
rcoséd=x,rsinf=y and -r<0<r.

»  We usually denote the principal argument by Arg z, and the set of arguments by argz= Arg z +
2k .

Example 3.1.

Find the modulus and the principal value of the argument of the complex number 1 + i.

Solution.

We now have x =y = 1. Hence, modulus=r =~/12 +12 =/2..

Besides, tan™ [lj =tan™1 has only two possible values, % and —37” in the interval (—n,n]. We
X

have rcos%:lzx and rsingzlzy, but rcos(—?’%j:—lix and rsin(—%j:—l;ty.

Hence, the principal value of the argument of the complex number 1 + i is %

Exercise
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1. Find the moduli and principal arguments of the following complex numbers:

(@)
(b)
(©)
(d)

(b)

«/§+i
1-/3i
-3-3i

sing—icos@, where 0<O<7.

Evaluate | cos—+isin— | cos—+isin— |.
6 6 3 3

Suppose zlzcos%ﬂsin% and zzzcos%ﬂsin%. Draw the points Z, and Z, ,

representing z, and z, respectively, on the Argand diagram. What is the relationship
between OZ, and OZ,?

4. Other Forms of Representation

The concepts of modulus and argument are important in dealing with representations of
complex numbers. In this section, we will introduce the polar form and the exponential form, both
of which are associated with representing complex numbers in terms of their moduli and arguments.

The Polar Form

Definition 4.1. (The polar form)

Suppose r and & are respectively the modulus and argument of the complex number z. Then the
polar form of zis r(cos@+isin@), or abbreviated as rcisé .

Illustration. The polar form of the complex number 1 + i is \/E(cos%Jrsin%j, or in short,

J2cisZ
4

Example 4.1.

Express, in polar form, the following complex numbers:
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(@) ~3+i

(b) 1+sin@—icos@ for _E<0<3_ﬂ

2

Solution.

(a) Let z=~/3+i.Then r= (\/_) +1° =/3+1=2.

tan g = = =0= —%[ (rejected) or %

NE

Hence, the polar form of z is rcisd = 2(cos%+isin%} :

(b) Let z=1+sin@—icosé. Then,
4 2
T 0 0 o\ .. (0 =«
=2C0S| ——— || COS| ——— [+iSIn| ——— | |
(55 enl5-5) 55
3z T
Since ——<¢9<_ we have —Z<Z _
2 2 2%

. T 0 6 7\ .. (08 =«
formofzis2cos| ———= || cos| ——= |+isin| ———|].
4 2 2 4 2 4

The polar form of representation is especially useful when we perform multiplication and
division of complex numbers.

Theorem 4.1.

Let z, and z, be two complex numbers. Then for arg(z;)#0,

1. |zz,|=|z]|z,| and arg(zz,)=arg(z)+arg(z,).

j=arg(21)—ar9(zz)'

2. 1fz,%0,

= :M and arg [i
Z,| |z, Z,

Proof. Let z, =rcisg, and z, =r,cisé, be the polar form representations.
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For property 1, using the above notations,
2,2, =1,(cosg, +ising,)-r,(cos b, +ising,)
=rf, (cos@1 cos @, +isin @, cos, +icosd,sing, +i’sin g, sin 92)
=1,1,[ (cos 6, cos 6, —sin 4, sin 6, ) +i(sin 6, cos 6, +cos 4, sin 6, )|
=1r,[ cos(6, +6,)+isin(6,+6,) | =rrcis(6,+6,).

Hence, |z,2,| =11, =|z|z,| and arg(z,z,) =6, + 6, =arg(z,)+arg(z,).

For property 2, let z,'= i. Then using the results of the above proof, we have
Z2

|2.'2,| =]z, |z.|=

4
Z2

|z,| and arg(z,'z,) =arg(z, ')+arg(zz):arg{%j+arg(zz).

2

z
On the other hand, z,'z, =—-z, = z,. Hence,
Z2

7| :m and arg(
2| |z

Z1 |le

Z,

4

j:arg(zl'zz)_arg(zz):arg(zl)—arg(zz).

Z,

Q.E.D.

Definition 4.2. (The exponential form)

Suppose r and & are respectively the modulus and argument of the complex number z. Then the
exponential form of z is re"’ .

Theorem 4.1. can be applied to the exponential form easily with the law of indices. For
property 1, by definition 4.2, zz, =re*re® =rre®®* . Hence, |z,z,|=rr,=|z]|z,| and

i6
Z, _Nhe" _ N @0

arg(z,z,)=6,+6, =arg(z,)+arg(z,) Similarly, for property 2, z_lzre”z:r_e So,
2 2 2

Z|_n |Zl| Z

Al=2=08 ang arg| 2 |=6, -0, = - .

Zz r2 |ZZ| an arg(zzj 1 2 arg(zl) arg(ZZ)

Theorem 4.2.

1. €%+e'=2cos0.

2. e%—e =2ising.

Page 8 of 25




Mathematical Database

Proof. For property 1, e’ +e™ =(cos@+isin6)+| cos(—6)+isin(-0) ] =2cos6.
For property 2, e —e™ =(cos#+isin@)—[ cos(—6)+isin(-0) | = 2isin .

Q.E.D.

Example 4.2.

1+sin@+icosd
1-sin@+icos@

Simplify the fraction

Solution.

Notice that

sin@+icosd = cos(%—@]ﬂsin(%_gj _ e'(i_gj ,

sin <9—icosH:cos(Z—e]—isin(z—HJ:cos[&—zjﬂsin[e_ﬁj=e'(g_2).

Hence,

l+sing+icosd 1+ ei(%_gj I | _ei(E—H
1-sin@+icos@ L ei(afgj ei(%—%) ei[%—gj ~ ei(gf%j Jisin (7[ B g)

Exercise

3+3x/§i

1-i

1. Simplify the fraction
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2. Prove that (cos@—isin 19)3 =c0s36—isin30.

5. Complex Conjugates

Definition 5.1. (Complex conjugate)

Suppose z = a +bi is a complex number, where a,b € R . Then the complex conjugate of z is defined
as Z=a-bhi.

Thus the complex conjugate of a complex number is the mirror image of the original number
across the real axis. There are some nice properties associated with complex conjugate pairs.

Theorem 5.1.

For any complex number z, we have
1L |z]=|7.

2. arg(7)=-arg(z).

3. z+7=2Re(z).

4. z-7=2ilm(z).

5. zZ=[7].

6. Z=2z.

Proof. The theorem follows easily from the definition and its proof is left as an exercise.

Q.E.D.

An implication of this theorem is that if z is real, then z—Z =2iIlm(z)=0. Likewise, if z is
purely imaginary, then z+7:2Re(z):0. The converses of these are also true, with the only

exception that the number zero is real but 2Re(0) = 0. These facts are often useful in proving some
of the properties of some numbers in questions.

Example 5.1.
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Suppose [w|=1and z = w-+-. Prove that z is a real number.
w

Solution.

By property 5 of theorem 5.1, we have WW:|W|2 =1 =1. Hence, vT/=l as w=0. Therefore,

W
Z= W+1 =W+ W=2Re(w) must be a real number.

W
Theorem 5.2.

For complex numbers z, and z,, we have

1. z+2,=7,+7,.

2. 1,-1,=7,-17,.

Proof. The proofs of the first two properties are left as an exercise.
For property 3, we let z, =a, +bji and z, =a, +b,i. Then Z =a, —hji and Z, =a, —b,i . Hence,
7,-7, :(a1_b1i)(a2 _bzi):(aiaz _blbz)_(ain +a‘2b1)i
=(a,a, —bb,)+(ab, +ab )i=(a,+hi)(a, +b,i) =2z,

For property 4, using previous results,

_(z Z, -
ZZ.(_j:ZZ._: 1
ZZ 2

And the theorem follows.
Q.E.D.

Example 5.2.

Letz=x+yi.If|z—6/=5 and |z|=5, find the possible values of x and y.

Solution.

From property 5 of theorem 5.1 and property 3 of theorem 5.2,
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5° = |26 =(2-6)(z-6)=(2-6)(z-6),
25=77 -62-67+36 =z ~6(z+7)+36
=5?-6-2Re(z)+36.

Hence, 12Re(z) =36 = x=Re(z)=3.

On the other hand, 5=|z| =\/x2 +y° =\/32 +y? . Thus, y* =5?-3* =4, The possible values of y

are therefore +4.

We started our discussion of complex numbers on solving algebraic equations. In fact, there is
a nice relationship between the complex conjugates in solving equations.

Theorem 5.3.

If z is a zero of a real polynomial (polynomial with real coefficients), then sois 7 .

Proof. Suppose z is a zero of the real polynomial a x" +a, X" +---a,. From property 3 of theorem
5.2, (7)k =77 T=2-2-2=1" for positive integer k. Besides, since the a, ’s are real, we

have a, =a, . Then,

a,(z) +a,,(7)" +a =a,2"+a, 2" +ra, =a,2" +a, 2"+
n n-1 0 n-1 0™ “n n-1 aO

=az"+a ;2" +--a,=0=0
Thus, 7 is also a zero of the polynomial.

Q.E.D.

This theorem implies that for a real polynomial, either both members of a complex conjugate
pair are the zeros, or both are not. In fact, a real polynomial can only have an even number of
complex zeros.

Example 5.3.

Given that 3 + i is a root of the equation x*—5x%+10x*+ax+b=0, where a and b are real
numbers. Find a and b.

Solution.
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Since 3 + i is a root, its conjugate, 3 — i, is also a root. By factor theorem, x* —5x®+10x* +ax+b is
divisible by both x — (3 + i) and x — (3 - i), i.e., by (x—3—i)(x—3+i)=x*-6x+10.

Upon long division by x*—6x+10 , the remainder of x*-5x*+10x*+ax+b is
(a+26)x+(b—60). Thus, we have a + 26 =0and b-60 =0, i.e., a=-26 and b = 60.

Exercise

1. Prove theorem 5.1.

2. Prove the first two properties of theorem 5.2.

3. Letkbe areal constant and z be a complex number with |z| =1. Prove that |z +k|=|kz +1].

4. Given that 1 + 3i is a root of the equation x* +3x*+ax+b=0. Find a and b and factorize
x*+3x% +ax+b.

6. De Moivre’s Theorem

Performing multiplications and divisions on complex numbers can be very tedious and error-
prone, as we have to deal with both the real and imaginary parts. If we employ the polar form and
exponential form, the operations will be much simpler. Furthermore, if the operations involve
rational powers of complex numbers, the operations can be eased with the De Moivre’s theorem.

Theorem 6.1. (De Moivre’s Theorem for Integral Index)

For any integer n, (cos@+isin )" =cosnd+isinng .

Proof. We shall prove the theorem for non-negative n by induction first. For n = 0 or 1, the result is
obvious.
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Suppose for n =k, (cisH)k = cisk@. Then when n = k+1, by theorem 4.1,
(cis@) " =(cisd)" cisd = ciskdcisd = cis(k +1)0 .

So, by mathematical induction, the theorem is true for all non-negative integer n.

For negative n, let n = -m . So m is positive. Then,

(cis@)" =(ciso) " = (cislﬁ)m = cislme = c(i:slsr’r?e = cis(0—-m@) = cis(-m@) = cisnd .

Thus the theorem is true for all integer n.

Q.E.D.

Example 6.1.

Redo Example 2.3 using De Moivre’s theorem.

Solution.

If cosé=0, then 6’=k7z+% . Hence, we have tand=c0 , c0s20=cos(2kz+7z)=-1 and
sin26 =sin(2kz+7)=0. So,

l+itané@
l1-itan@

=-1=c0520+isin26.

For cosd#0,
1+itan® (L+itan@)(cosd) cosO+ising  cosO+ising
1-itan® (1-itan@)(cosd) cos@—ising cos(-6)+isin(-0)
cisd
B cis(-0)
=C0s 26 +isin 20.

= cis¢9[cis(—¢9)]f1 = cisé(cisd) = (cisd)” =cis26

The De Moivre’s theorem for integral index is often used in proving trigonometric identities.
In fact, many identities can be proved with the help of some direct results of the theorem: for
z=cisé,

" +in = cisng + cis(—n#) = 2cosnd,
z

z

n

z —in = cisng —cis(-n@) = 2isinng .

z
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Example 6.2.
Show that cos56 = cos® @ —10cos® #sin® @ +5cosdsin* 4.

Hence prove that cos56 =16¢0s® @ —20cos® & +5¢0s 6.

Solution.
According to the De Moivre’s theorem, (cose+isin0)5=c055¢9+isin56’. However, by the
binomial theorem,
(cos@+ising)’
= cos® @ +5cos* @(isin@)+10cos’ @(isin @)’ +10cos? A (isin§)’ +5cosd(isin9)* +(isin 4’
= cos’ #+5icos’ #sin @ —10cos® #sin® & —10i cos® #sin® @ +5cosHsin® @ +isin® 6.

Equating the real parts of both equations, we get cos56 = cos®  —10cos® #sin® +5cosdsin’ 6.

Hence, using the identity sin® @+ cos” 8 =1, we have
cos56 = cos® @ —10cos’ @sin® @ +5cosfsin* @
= cos® 0 -10cos® 6(1-cos’ 0) +5¢cos 6 (1-cos’ 6?)2
=16c0s° @—20cos’ @ +5cos 6.

Example 6.3.

Let z =cisd . By using the relations z +1 =2c0sé and z 1 =2isin @, deduce that
z z

sin 6cos* @ = —icos&s?—icos4¢9+icos20+i )
32 16 32 16

Solution.

Substituting with the given relations,

- ) . 1 2 1 4
(2isin@) (2cosf) = z-=| | z+=
z z
—64sin’@cos*@=12°+22" -7 -4-77+27" +7°
=(26+z‘6)+2(z4+z‘4)—(zz+z‘2)—4
=2c0s60+4c0os40—-2cos20—4.

Hence,
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sin®@cos* @ = —icosGH—icos46?+ic:0526?+i .
32 16 32 16

The De Moivre’s theorem can be generalized to rational index.

Theorem 6.2. (De Moivre’s Theorem for Rational Index)

For any positive integer n,

1
(cis@)n =cis 2k7;+ o

wherek=0,1,2,...,n-1.

1
Proof. We let rcisa:(cise)ﬁ, where r is the modulus of the complex number. Then

r'cisna = (rciSOc)n =cis@d. Taking the modulus on both sides, we get r" =1, i.e., r =1 as r must be

positive. So cisé = cisna , implying coséd =cosna and sinéd =sinna .

Therefore, na = 6+ 2kz, wherek=0,1,2, ... .n—1.Thus, o = 2kz +6 o
n

1
(cis@)n =rcisa =cis 2k +0 .
n

Q.E.D.

Furthermore, if m and n are relatively prime integers and n is positive, we have

m 1
(cis@)n = [(cise)m]‘ = (cisma)% = cism+m

wherek=0,1,2,...,n-1.

With the De Moivre’s theorem for rational index, we can easily evaluate the n™ roots of
complex numbers without dealing with tedious multiplications. We will illustrate this with an
example.

Example 6.4.

Find the cube roots of the complex number 1+ J3i.
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Solution.

First of all, we transform the complex number into its polar form:
. 1 \/5 .

1+431=2| —+—1 |=2cis—.

V3 (2 2 J 3

Thus,
% Loy 2kr+Z

1 1 1
(1+ x/§i)3 = (Zcis%j3 =23 (cis%)S = 23cisT3

fork=0,1, 2, i.e.,

% . > Ix s . 137
(1+\/§|) :23CIS§ or 23CIS? or 23CIST.

The n™ roots of the number 1 are given the special name the n™ roots of unity.

Definition 6.1. (n™ roots of unity)

The n distinct roots of the equation z" =1 are called the n" roots of unity.

Suppose w is a n"™ root of unity. Thus w" =1=cisO. Hence, w = cis 2kz +0 =Cis 2kz , Where k
n n
=0,1,2,...,n-1. Furthermore, if w=1,
Lewsw 4wt =W 10
w-1 w-1

Example 6.5.

Factor the polynomial z’ -1 into a product of linear and quadratic polynomials with real
coefficients.

Solution.

The roots of the equation z" —1=0 are the 7™ roots of unity:

.27 . 4r . 6r . 87t . 10x . 127
1, ciIs—, ciIs—, CcIS—, CIS—, CIS—— and cis——.
7 7 7 7 7 7

Then,
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7' -1=(z —1)(2 —cis%)(z —cis%)(z —cisgj(z—cisgg](z —cileT”j[z —ciSQT”j
= (z 1)(2 ms%r](z —cisgj(z —cis%)(z—cis_%j(z —cis#}(z —cis_z%j

3 . 2krx -2k 3 2k
=(z-1 | I —cis=/—=2 - I | 2.2 —+1].
(Z ) (Z CIS 7 j(z cis—— 7 j (Z ZC0S 7 + ]

k=1 k=1
Exercise
1.  Solve the equation z*+4z°+5=0.

2. Find the fourth roots of the number /3 —i .

3. By considering the real parts of the equation cosZn¢9+isin2n<9:(cisé’)2n , prove that

cos2nd = z ) C2" cos?™ % 9sin?g .

7. Applications

As shown in the last section, complex numbers find their use in proving trigonometric
identities. Besides, it is also useful in solving geometry problems. This application arises from the
geometric representation of complex numbers on the Argand diagram.

For instance, the complex number z = x + yi can represent the vector OZ = Xi + y]. On the
other hand, the resultant vector from the subtraction of vectors can also be represented by the
subtraction of the corresponding complex numbers. The modulus of the resulting complex number
is the length of the resultant vector and the argument represents the angle between the resultant
vector and the x-axis.

In this section, we will illustrate the applications of complex numbers with a couple of
examples.

Example 7.1.
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If the points A, A,, B, and B, are associated with the complex numbers a , a,, b, and b,
respectively, express the angle between the line segments AB, and A,B, interms of a,, a,, b, and
b, .

Solution.

Refering to Figure 2,

angle between line segments AB, and A,B,
=0=6-6,
=angle between A B, and x-axis — angle between A,B, and y-axis
=arg(a, —b;)—-arg(a, -b,)

ol

Figure 2
Example 7.2.

Let O = (0, 0) and A = (6, 8). Prove that for every point P (other than O and A) on the circle
represented by x*+y’ —6x—8y =0, we have OP L PA.
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Solution.

Let p = x + yi. Then OP is represented by p and PA is represented by p — (6 + 8i). Then, following
from the result of Example 7.1,
OP L PA

< angle between OP and PA is % or 377[

< arg P 7 ors—ﬁ
p—(6+8)) 2 2

P

< p—(6+8i)

is purely imaginary

= p—(g+8i)+{ p-(&gi)}zZRe[M]:o.

Notice that
p { p } P P x+yi o x-yi
p—(6+8i) | p—(6+8i)| p—(6+8i) [p—(6+8i):| x—6)+(y-8)i (x—6)—(y—8)i

2x(x-6)-2y(y-8)i* 2(X’+y’-6x-8y)

(x—6)2+(y—8)2 (x—6)2+(y—8)2

Hence, OP L PA.

We conclude this set of notes with a discussion on the triangle inequality, a well-known
theorem which can be readily applied to complex numbers as well.

Theorem 7.1 (Triangle Inequality)

For any two complex numbers z, and z,, we have |z, + z,| <|z,|+|z,|. Equality holds iff Z,, Z, and
O are collinear, and Z, and Z, are on the “same side” of O.

Proof. In a triangle Z,Z,0, the sum of lengths of any two sides is greater than the length of the
third side, i.e., we have ZO+Z7,'0>27,Z,", where equality holds iff Z,, Z," and O are collinear,
and Z, and Z," are on the opposite side of O. In terms of complex numbers,

|z|+|z, 12|z -2, |-

Taking z,"=-z,, we have |z, +z,|<|z|+|-z,|=|z|+|z,| . Note that Z,, Z," and O are always
collinear and Z, and Z," are on the opposite side of O. Hence, equality holds iff Z,, Z, and O are
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collinear and Z, and Z, are on the “same side” of O.

Q.E.D.

> In fact, for n>2, we have |z, + 2, +--+7,|<|z,|+|z,|+---+|z,|. This follows from induction

on n and theorem 7.1.

Example 7.3.

1
Suppose W'z +Ww"'z? +---+wz" =1 for some w such that |w| <1. Prove that |z|> >

Solution.
Suppose |z| < % applying the Triangle Inequality,

W'z +w"tz? 4 wz" 2

1=[]= <|wW'z|+|w"z ‘+---+‘WZ”
= (W"||z] +|w"* 22‘+---+|W| 2" =|W|"|z|+|w|”_1|z|2+-~+|W||z|n
Sl”.14_1”_1.i2+...+1.i=1+i2+...+i
2 2 2" 2 2 2"
1( _1j
2 2" 1
= —1-= <1
-1 2

L. .. 1
which is a contradiction. Therefore, we must have |z| > E'

Exercise

1. For each of the following conditions, find the locus of z (take z = x + yi):

a  |z-(2+3i)=6.

27 . . . 1
1 is purely imaginary, where z = 3

c. |z-Y=|z+1+1.
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2. Prove that AABC ~ AXYZ iff 2R _X=Y o 87D _Xx=y
c-b z-y c¢c-b z-y
. 2k
3. Suppose z,, z, ..., z,, are complex numbers such that z, =cis—— fork=0,1, ..., n- 1.

n

n-1
Prove that for any complex number z, Y |z-z,|>n.
k=0

8. Solutions to Exercise

Arithmetic Operations

1. cos@+isinéd.

2. Sincea+ 2iisarootof xX*+6x+k=0,
O:(a+2i)2+6(a+2i)+k :(a2+4ai+4i2)+(6a+12i)+k
:(a2 —4+6a+ k)+(4a+12)i.

Equating the real and imaginary parts of both sides, we have a*> —4+6a+k =0 and 4a + 12 =
0. Therefore, a=-3 and k = 13.

The Argand diagram, modulus and argument

1. (a) modulus =2, principal value of argument =

oy

(b) modulus = 2, principal value of argument = —% :
(c¢) modulus = 32, principal value of argument = —37”.

(d) modulus =1, principal value of argument = 9—% .

2. (a)i

(b) OZ, is obtained by rotating OZ, by % about O anticlockwise.
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Other forms of representation

1. Converting to the polar form and applying theorem 4.1,

3+3\./§i= 6(;+\/2§i] = GCiS% =3ﬁcis{£—(—£ﬂ=3\/§cis7—”.
R e e

2. Converting into the exponential form,
(cos@—ising)’ = [cos(—&) +isin (—49)]3 = [ei("’) T — %)
=cos(—36)+isin(—36) = cos 36 —isin 36.

Complex conjugates

1.  Applying property 5 of theorem 5.1,
|2+ k[ =(z+k)(m):(z+k)(7+ k)=2Z+k(z+Z)+k*
=z +k(z+7)+k* 1=1+k(z+7)+k?[2[
=1+k(z+7)+k’zZ = (kz+1)(kz +1) = (kz +1)(kz—+1)
=|kz+1".

2. Since 1+ 3iisaroot, 1 - 3iis also a root. Then x* +3x* +ax+b is divisible by

[ x—(1+3i) ][ x—(1-3i) | =x* —2x+10.

However, x4+3x2+ax+b:(x2—2x+10)(x2+2x—3)+(a—26)x+(b+30). Hence, a = 26
and b = -30. Thus, x4+3x2+ax+b:(x2—2x+10)(x2+2x—3):(x—1)(x+3)(x2—2x+10).

De Moivre’s theorem

1. First, consider the equation as a quadratic equation in z°, i.e., (22)2 +47>+5=0. Then by the

quadratic formula, we get z>=-2+ior —2—i. So the roots of the equation are the square

roots of the complex numbers — 2 + i and — 2 — i. Applying theorem 6.2 to find these square
1 1 1 1

roots, we get z =54cis1.34 or 54cis1.80 or 54cis4.48 or 5%cis4.94 .
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2. Note /3-i= 2(?—%} = 2cis(%} . Hence,

1 1 1+2k72'

(\/§—i)Z =24cis| & 2

fork=0,1, 2, 3. Thus,

1 1 1 1 1
(\/§—i)4 = 24cis(—£) or 24cis(£j or 24cis(23—ﬂj or 24cis(35—ﬂj.
24 24 24 24

2n
3. cos2nd+isin2ng =(cisd)™" = C2"(cos9) (ising)™" ™.

k

cos2nd +isin2nd = Zn:CZZk“ (cos@)™ (ising)" ™ + Zn:szk”,l (cos0)** (ising)" "

0

0 o
. . on K Ao o0 -k

=Y Chcos®™ @sin®** 9(-1)"" +i) C cos™* @sin® 1 g(-1)"".
k=0 k=1

Equating the real parts on both sides,

cos2nf = Zn:(—l)"_k C2' cos™ @sin® g = Zn:(—l)k CZ cos®* gsin® 0.

k=0 k=0

Applications
1. (@) x*+y*—4x-6y-23=0.

(b) is purely imaginary iff z # —1, z#0,and
3z+1 3
0—2Re( 27 ]_ 22 +( 2z ]_ 2x+2yi | 2x-2yi 4(3¢+3y*+x)
3z+1) 3z+1 \3z+1) (3x+1)+3yi (3x+1)-3yi (3x+1)2+(3y)2

Thus 3x* +3y” + x =0 excluding the points (x, y):(—%,oj or (0,0).

(c) From the definition of modulus, we have
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‘(x—1)+ yi‘ :‘(x+1)+ yi‘+1

\/(x—l)z +y° :\/(x+1)2 +y 41
(x=1)" +y? = (x+1)" + y? +2¢(x+1)" + y* +1

Ax+1=-2/(x+1)" +y?
16x* +8x+1=4(x+1)" +4y>,

Thus, the locus of z is 12x* —4y* —3=0.

AB XY

Note that AABC ~ AXYZ < ﬁ = E and ZABC = ZXYZ . However,

These two conditions together implies

AB_ XY
cB zy

ZABC = £ZXYZ < arg (a_—b] =targ (X;J .
c—b z-y
b
b

Hence AABC ~ AXYZ iff

n—.

k=

1
lz-z,|=
0

©|a—b|:|a—b|:|x—y|:|x—y|,
lc—b| lc—b| |z-vy| |z—y|

a—b:x—y or a- _X-y
c-b z-y c— Z-y
a—b= Y o a—b=x—y_
c-b z-y c-b z-y

n- 2k, n-1 2k, n-1 Zkzi| | _2kz
Zz—en =Ylz—e" [1=D|z-e " |fe "
k=0 k=0 k=0
n-1 2k, _2Zkz nl| _2kz n-1 _2kz
Z—e" e " |= e " 1> ze " -1
k=0 k=0 k=0
n-1 —&i n-1 _Zkii
ze " -nl=zYe " —n:|0—n|:n
k=0 ko0
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