Pui Ching Middle School 2nd Invitational Mathematics Competition

Individual Event (Secondary 4)

1 30

Timeallowed: 1 hour 30 minutes

I nstructionsto Contestants:

1 20 100

There are 20 questions in this paper and the total scoreis 100.

2.
Unless otherwise stated, all numbersin this paper are in decimal system.

3.
Unless otherwise stated, all answers should be given in exact numerals in their ssimplest form.
No approximation is accepted.

4.
Put your answers on the spaces provided on the answer sheet. You are not required to hand in
your steps of working.

5.
The use of calculatorsis not allowed.

6.

The diagrams in this paper are not necessarily drawn to scale.



1 4 3

Questions 1to 4 each carries3 marks.

1 2003

2003 diameters are drawn on acircle. What is the maximum number of regions formed?

2.

A coinistossed four times. What is the probability that an odd number of heads is obtained?
3. /AOD = 120° 3/A0B=~/BOD B C

/AOC =2-/C0OD /BOC A )

In the figure, Z/AOD = 120°, 3Z/A0B = #BOD

and Z/AOC=2,/COD. Find #BOC.

o)
4 10 10
n n
Chris has 10 more sisters than brothers. Each of Chris's sisters also has 10 more sisters than
brothers. Alan, Chris s eldest brother, has n more sisters than brothers. Find n.
5 8 4

Questions5to 8 each carries4 marks.

S. 2003 2 2,12, 20, 21, ..., 2002,
2003

Peter wrote down all positive integers not exceeding 2003 which have at least one ‘2’ in their
digits, i.e. 2, 12, 20, 21, ..., 2002, 2003. How many integers did Peter write down?



X 1 2003 y X
X =123456789101112...200120022003 y =300220021002...211101987654321 S

y—X s

Let x be the positive integer formed by writing 1 to 2003 in order, and y be the positive integer
formed by reversing the digits of X, i.e. x=123456789101112...200120022003 and
y =300220021002...211101987654321. Given that sis a composite number and is a factor of

y— X. Find the smallest possible value of s.

n 2003 n

On the plane n straight lines are drawn. They produce exactly 2003 points of intersection. Find
the smallest possible value of n.

99.3%

Amy joined the presidential election of the Student Union and obtained 99.3% of the votes,
correct to 1 decimal place. What is the smallest possible number of voters?

9 12 5

Questions9to 12 each carries 5 marks.

10.

1 +6°+11°+16° +...+ 2001° 2002
Find the remainder when 1% + 6° +11° + 16° + ...+ 2001® is divided by 2002.

10x10 100 1x1

A mat of size 10x10 is divided into 100 squares of size 1x1. The squares at the top left and
bottom right corners are then removed. How many rectangles (including squares) can be found
on the mat?



11.

=7
5x5 L

Given a 7x7 grid, we remove the 5x5 grid at the upper

right hand corner to obtain an L-shaped grid as shown. We
want to travel from the upper left hand corner to the lower

right hand corner of this L-shaped grid, but in each step we

can only move rightward or downward along the gridlines.
How many different paths are there?

2003 2002 2001 3 > 21
12. K (21)2 +(22)2 +(23)2 +..._|_(22001)2 +(22002)2 +(22003)
2k
Find the largest integer k such that
2003 2002 2001 3 2 s
(21)2 +(22)2 +(23)2 +...+(22001)2 +(22002)2 +(22003)
isdivisible by 2.
13 16 6

Questions 13t0 16 each carries 6 marks.

13. 2003 1 2003 20

4 1 3
2003 21

2003 children are labelled 1 to 2003. Each of them has 20 candies at the beginning. Candies
are then given to or taken away from them as follows. 3 candies are given to each child with a
label which isamultiple of 1, then 1 candy is taken away from each child with alabel whichis
a multiple of 2, then 3 candies are given to each child with a label which is a multiple of 3,
then 1 candy is taken away from each child with alabel which isamultiple of 4, and so on, till
finally 3 candies are given to each child with a label which is a multiple of 2003. How many

children can get extra candies (i.e. have 21 candies or more) in the end?



14. X* — px+ p+2002=0 P

If the roots of the equation x* — px+ p+ 2002 =0 are non-zero integers, find the value of p.

15. a b a>b

a+b 90 100

ab

Mr Poon told Dora and Ken: ‘I thought of two positive integers a and b, where a>b.” He then
secretly told Dora the difference of the two numbers (i.e. a—b) and Ken the product of the
two numbers (i.e. ab). Their subsequent conversation is recorded below.

Mr Poon asked Dora, ‘Do you know what a and b are?
‘No.” Dora answered.

Then Mr Poon asked Ken, ‘Do you know what a and b are?
‘Yes, they are ...” Ken said.

Mr Poon interrupted Ken immediately and asked Dora again, ‘Do you know what a and b
arenow?

At that time, Dora said, ‘Now | know what they are after listening to the conversation
between Ken and you. Their sum (i.e. a+b) is greater than 90 but less than 100. Am |
right, Mr Poon?

‘Yes. You are so clever!” Mr Poon said.

Assuming that Ken and Dora are honest and intelligent (it means that whenever the answer can
be confirmed, they must know the answer), find ab.



16. Xy z z>0 z

Let X, y, z be real numbers satisfying the following system of equations, and z> 0. Find the

value of z
2x*+xz+18=0
2y° +yz+18=0
118
Xy 9
17 20 7
Questions 17 to 20 each carries 7 marks.
17. C, C, C, AB cC, D E
DA:AB:BE=1:2:4 C, 1 C,

In the figure, a smaller circle C, is internally tangent to a larger circle C,. A diameter AB of
C, is produced on both sidesto meet C, at D and E, and DA: AB: BE =1:2:4. If the area of
C, is1, find theareaof C,.

18. 13x13 5 5

Alan and Betty play a game. First, Alan puts 5 coins on a 13x13 square grid such that the 5
coins are in 5 neighbouring cells lined up in a row or a column. Then Betty starts to guess
where the coins are. Every time when she guesses, she chooses a cell. If the cell is occupied by

acoin, she wins. What is the minimum number of guesses she has to make to ensure that she
wins?



19. ABCD w X Z
BA AD DC WXZ Y WX=5 XY=3 YZ=
2 ABCD

In the figure, acircleisinscribed in arhombus ABCD. It touches all four sides of the rhombus.
W, X and Z are points on BA produced, AD and DC respectively such that the straight line WXZ
istangent to thecircleat Y, WX =5, XY = 3 and YZ = 2. Find the area of ABCD.

W A B

20. ABC AB=AC=5 BC=6 G AABC
ZAGC=90° ZACG = ZCBG AG

In the figure, ABC is an isosceles triangle with AB = AC =5 and BC = 6. Suppose G is a point

in AABC such that ZAGC = 90° and ZACG = ZCBG. Find g :

END OF PAPER
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