Pui Ching Middle School 2nd Invitational Mathematics Competition

Group Event (Junior Section)

45

Time allowed: 45 minutes

I nstructionsto Contestants:

1 20 100

There are 20 questions in this paper and the total scoreis 100.

2.
Unless otherwise stated, all numbersin this paper arein decimal system.

3.
Unless otherwise stated, all answers should be given in exact numerals in their simplest form.
No approximation is accepted.

4.
Put your answers on the spaces provided on the answer sheet. You are not required to hand in
your steps of working.

5.
The use of calculatorsis not allowed.

6.

The diagrams in this paper are not necessarily drawn to scale.



1 4 3

Questions 1to 4 each carries3 marks.

1 48

A cuboid has length twice its width and height three timesits width. If itsvolume is 48, what is
its total surface area?

2. k k k

A square has perimeter k units and area k square units. Find k.

3. 1+1-1x1+1+1-1x1+1+---

1234 1

Findthevaueof 1+1-1x1+1+1-1x1+1+---.

1234'1's

4. 2003
374312110...

How many 2003-digit positive integers have the property that except for the first two digits,
each digit is equal to the difference between its two preceding digits (e.g. 374312110...)7?

5 8 4

Questions 5 to 8 each carries4 marks.

5 I§ X [2.34] =2 [-25]=-3 [7]=7

Let [X] denote the greatest integer less than or equal to x. For example, [2.34] = 2, [-2.5] = -3,
2
[7] = 7 and so on. How many positive integers n are there such that {%} is prime?



15 15 30

Some water is distributed to a village. It is known that everyone drinks the same amount of
water every day. If each villager drinks 1 litre less per day, the water distributed can last for 15
more days. If each of them drinks 1.5 litres less per day, the water distributed can last for 30
more days. How many days can the water distributed last?

ABC A B C
ABC AxBxC A
BCD BxCxD D

A=7  ABC=T777 ABC

We denote by ABC a three-digit number with hundreds digit A, tens digit B and unit digit C.

When Peter reduces fractions, he wrongly regards a fraction iﬁ as AxBxC . Therefore,

BCD BxCxD

. A — .
he reducesit to o However, he gets the same answer as the correct one coincidentally. Given

that A=7 and ABC =777, find ABC.

C

In acircular |ake there are two lighthouses A and B. The centre of the lake O lies at their mid-
point, and the distance between the lighthouses is two-thirds of the diameter of the lake. The
serving area of each lighthouse is defined to be the parts of the lake surface such that it is
closest to that lighthouse when compared with any other lighthouses on the lake. Now the
government plans to set up a third lighthouse C on the lake such that all three lighthouses have
the same serving area. How many choices of the position of C does the government have?




9

12 5

Questions9to 12 each carries5 marks.

10.

11.

12.

1

— =0.076923 23
13

— 2003
130

Given 1—13= 0.076923. If % is written as a decimal, what is the sum of the first 2003 digits

after the decimal point?

16x16 256 1x1

A piece of paper of size 16x16 is divided into 256 small squares of size 1x1. Along the sides
of the small squares, Emma cuts the paper into rectangular (including square) pieces having
pairwise different areas. At most how many pieces can she get?

2000 2003 2002 2000 2000 1999
a+3b+9c+ 27d +8le+ 243f 6 a b cde f

a b

Thefirst six terms of a sequence are 2000, 2003, 2002, 2000, 2000 and 1999. Starting from the
seventh term, each term is equal to the remainder when a+3b+9c+27d +8le+243f is
divided by 6. Here a, b, ¢, d, e and f denote the previous six terms (a is the number six terms
before, b is five terms before, and so on). What is the minimum sum of six consecutive terms
in this sequence?

5 10
5 63 80 112 140 168 5

Peter’ s teacher gives him 5 positive integers. Peter multiplies two of them each time to get 10
different products. However, Peter only remembers 5 of the products, namely, 63, 80, 112, 140
and 168. Find the sum of the 5 original numbers.



13 16 6

Questions 13t0 16 each carries 6 marks.

13. B C D A BXD CXY
BX=XC AYB C AD = XD ACY
BCY

In the figure, B, C, D are points on acircle centred at A (the circle is not shown here). BXD and

CXY are straight lines such that BX = XC, and AYB is an arc centred at C. If AD = XD, find
area of sector ACY

area of sector BCY

14. n
1) n 0
2 n n
10 < n<10000
A positive integer nis said to be ‘good’ if
(1) itslast digitisnot zero; and
(2) when we reverse the digits of n, the number obtained isamultiple of n.

How many ‘good’ numbers are there in the range 10 < n < 10000 ?

15. 800 n n 20 n 16

Find a positive integer n less than 800 such that n has exactly 20 positive factors and is not
divisible by 16.



16. 45 1 2 45 22

In a class there are 45 students. Their class numbersare 1, 2, ..., 45. Now 22 students are to be
chosen to attend an activity, and the class numbers of any two chosen students must differ by
at least 2. How many ways are there to choose the students?

17 20 7

Questions 17 to 20 each carries 7 marks.

17. 100 5 2 0
100
20
98
21 20 21 n
n-1 n
n n-1

21<n<100 n

In a test there are 100 multiple choice questions. For each question, 5 marks will be awarded
for a correct answer, 2 marks will be deducted for a wrong answer, and O mark will be given if
it isleft unanswered. The passing mark is 100.

If a student answers 20 questions, he must get all 20 correct in order to pass. If he answers one
more question, he must also get that question correct in order to pass (because if he gets it
wrong he will only get 98 marks). So in order to pass, it will be better to answer only 20 rather
than 21 questions. We say that 21 is a ‘bad’ number. In general, we say that n is ‘bad’ if
answering n guestions requires one more correct answer to pass than answering n—1 questions.
(And those who are intelligent enough and aim to pass will only answer n—1 questions even if
they are confident with n questions.)

How many ‘bad’ integers n aretherein therange 21<n<1007?



18. 1 8

The eight vertices of a cube are to be labelled with the integers 1 to 8. It is required that the
sum of the four labels on each face be the same. How many different ways of labelling are
there? (Two labellings are said to be the same if it is possible to rotate the cubes suitably so
that corresponding vertices have the same labels.)

19. 1 3 5 7
2003

A triangular array of numbers is shown below. In each row, the leftmost and rightmost
numbers follow the pattern 1, 3, 5, 7, ..., and every other number is equal to the sum of the two
numbers directly above it. How many odd numbers are there in the 2003rd row?

1
3 3
5 6 5
7 11 11 7
20. N 2 5 i 6
N
1 . .

N 7=0.142857 7

Let N be a positive integer which is not amultiple of 2 or 5. Nis said to be ‘good’ if % when

expressed as a recurring decimal, has a shortest period of 6 digits. For example, 7 is ‘good’

since % =0.142857 . How many positive integers are ‘ good’ ?

END OF PAPER



10.

11.

12.

88

16

90

30

742

9016

21

10

56
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191

648

276

23

128

53



