Pui Ching Middle School 3rd Invitational M athematics Competition

Group Event (Junior Section)

45
Time allowed: 45 minutes

I nstructionsto Contestants:

1. 100
This paper isdivided into Section A and Section B. The total scoreis 100.

2.
Unless otherwise stated, all numbersin this paper are in decimal system.

3.
Unless otherwise stated, all answers should be given in exact numerals in their simplest form.
No approximation is accepted.

4.
Put your answers on the spaces provided on the answer sheet. You are not required to hand in
your steps of working.

5.
The use of calculatorsis not allowed.

6.

The diagrams in this paper are not necessarily drawn to scale.
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Section A (60 marks)

1 4 3 Questions 1 to 4 each carries 3 marks.

5 8 5 Questions 5 to 8 each carries 5 marks.

9 12 7 Questions 9 to 12 each carries 7 marks.
1. 5 7 100

In a certain invitational mathematics competition, each question carries 5 or 7 marks and the
full score of the paper is 100. What is the minimum number of questions?

2. 3

How many three-digit positive integers have their sum of digitsdivisible by 3?

3.
n n
The Mother’s Day is the second Sunday in May while the Father’s Day is the third Sunday in
June. In acertain year, the Father’s Day comes n days after the Mother’s Day. Find the sum of
al possible values of n.
4, a b p 5la+17b = p? a
Let a, b be positive integers and p be a prime number. If 51a+17b = p?, find the sum of all
possible values of a.
5 0O 9
ABABA ABABA
ABABA

In the calculation shown, each aphabet represents a
different digit from O to 9. Find the five-digit number
represented by ABABA.

ccbbcsbcCCcC



a b c 100>a>b>c>0 (a-b) (a-c) (b-0)
(a-c)

It is known that a, b and c are three integers satisfying 100 >a>b>c> 0. If (a—Db), (a—-¢)
and (b —c¢) are prime numbers, find the greatest possible value of (a— c).

ABC 10 D E
F BC AC AB X

Y Z DABC EX " AB

FX*AC DYMAB FYNABC EZ”™BC
Dz”™ AC DZEXFY

In an acute triangle ABC of area 10, D, E and F
are mid-points of BC, AC and AB respectively. If
X, Y and Z are points inside DABC such that
EX" AB, FX~ AC, DY AB, FY”~ BC,
EZz" BC and DZ ™ AC, find the area of the
hexagon DZEXFY.

37 cm 49

cm
25 cm 28 cm

In a rectangular water tank, some water was poured in and two candles were placed vertically
inside. Their lengths were 37 cm and 49 cm respectively. Simon lit the candles and filled the
tank with a pipe. When the top of the candle met the water surface, the candle was put out.
Given that when both candles were put out, their lengths were 25 cm and 28 cm respectively,
find the original height (in cm) of water in the tank. (Assume that the consumption rates of the
candles were identical and remained unchanged throughout the process. In addition, the rate of
water filling remained unchanged too.)



10.

630 10:00

10:18 10:30 10:44

Alex, Ben and Calvin ran on a circular path of length 630 metres. They started at the same
point a 10:00. Alex ran in the clockwise direction while Ben and Calvin ran in the anti-
clockwise direction. Their speeds remained unchanged in the course. They also agreed that
when two of them meet, the two must change their directions immediately. It is known that
Alex and Ben first met at 10:18; Ben and Calvin first met at 10:30; Alex and Calvin first met at
10:44. How many metres did Ben run per minute?

50

Amy, Betty, Cindy, Dora and Emma sat for a test with full mark 10 and passing mark 2. The
score of each person is an integer. Fiona asked for their results after the results were
announced. The following istheir replies:

Amy: ‘No two of us have the same score’

Betty: ‘ Thetotal score of Amy and | isequal to that of the other 3 students.’
Cindy: ‘The total score of Doraand | is less than that of the other 3 students by 3.’
Dora: ‘No onefails’

Emma: ‘If our scores are multiplied, the last 2 digits of the result would be 50.’

Fiona found that one of them told alie and the other four people told the truth. Find the sum of
their five scores.



11.

12.

100 5 0.7 0
10 2 2
9.3

100 n n n-1 n

n-1 n

In atest there are 100 multiple choice questions. For each question, 5 marks will be awarded
for a correct answer, 0.7 mark will be deducted for a wrong answer, and 0 mark will be given
if it isleft unanswered. The passing mark is 10. If a student answers 2 questions, he must get
both correct in order to pass. If he answers one more question, he must also get that question
correct in order to pass (because if he gets it wrong he will only get 9.3 marks). So in order to
pass, it will be better to answer only 2 rather than 3 questions. We say that 3isa‘bad’ number.
In general, for a positive integer n not exceeding 100, we say that n is ‘bad’ if answering n
guestions requires one more correct answer to pass than answering n- 1 questions. (And those
who are intelligent enough and aim to pass will only answer n- 1 questions even if they are
confident with n questions.) If nis not ‘bad’, we say that it is ‘good’. What is the greatest
number of consecutive ‘good’ numbers?

10

Some figures consist of exactly four regular polygons,
each of side length 1, all of which share one common
vertex and which do not overlap. Each polygon
shares one common side with exactly two other

polygons. For instance, the diagram shows one such
figure, consisting of two regular hexagons and two
equilateral triangles with perimeter 10. Find the sum
of all possible perimeters of this type of figures.
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Section B (40 marks)

13.

25 5 5 e o o
16
16 [ [ [
As shown in the figure, 25 points are drawn on a plane, e o o

arranged in a way such that there are 5 points in each row

and 5 points in each column, forming 16 congruent squares
which comprise alarge square. The area of the large square ¢ o o
IS 16 sguare units.

@

(b)

(©)

(d)

If we colour each point in a way such that any two points which are 1 unit
apart have different colours, what is the minimum number of colours needed?

25 n n3 3

If we choose n points (n? 3) among the 25 to be the vertices of a convex
polygon, how many different possible areas of the polygon are there?

25 4

If we choose 4 points among the 25 in a way such that the distance between
any two of them is an integer, how many different choices are there?

25 m
m

If we choose m points among the 25 in a way such that the distances between
any two of them are pairwise distinct, find the greatest possible value of m.

(3 marks)

(5 marks)

(6 marks)

(6 marks)



14.

m" m n 1
27=3 4096 =64° 27 4096

If a positive integer can be written in the form m", where m, n are integers greater than 1, then
the integer is said to be ‘good’. For example, since 27 =3° and 4096 = 64°, 27 and 4096 are

‘good’.

(@
What isthe smallest ‘good’ number?

(b) 1000

How many ‘good’” numbers are smaller than 10007?

(c) m
4096 64> 22
400°°

Some ‘good’ numbers can be expressed in the form m" (where m, n are
integers greater than 1) in more than one way. For example, 4096 can be
written in the form 64° as well as 2. In how many different ways can
400" be written in the above form?

(d) a b c 1 p=2* =2 r=2° P q r
p2003 2005 c

Let a, b, c be integers greater than 1, p=2*, q=2"and r =2°. Thenp, q, r
are‘good’. If p*® +g* =r** find the smallest possible value of c.

+q2004:r

END OF PAPER

(2 marks)

(4 marks)

(7 marks)

(7 marks)



10.

11.

12.

16

300

77

15

21212

73

21

25

34
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Group Event (Junior Section) Answers

13 (a)

13 (b)

13(c)

13 (d)

14 ()

14 (b)

14 (c¢)

14 (d)

2

32

39

17

2006005



